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Symmetry

Theory: An action with some boundary/initial conditions.

Solution space: All solutions of the theory compatible with the

boundary/initial conditions.

Symmetry: Transformations which rotate us in solution space

solution1
symmetry−−−−−→ solution2

different solutions correspond to different boundary data

boundary data1
symmetry−−−−−→ boundary data2

Conserved charge: There exists conserved quantities associated

with these symmetries. (Noether’s theorem)
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Example, point particle

p0

q0

(q0, p0)

(q′0, p
′
0)

symmetry

Action: S =
∫

1
2mq̇2 dt

Equation of motion: mq̈ = 0

Solutions: q(t) = p0
m t + q0

Initial data: {q0, p0}

Trans. symmetry: δϵq0 = ϵ, δϵp0 = 0

Conserved charge: Momentum
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Solution phase space

Einstein’s gravity action:

S =
1

16πG

∫
d3x

√
−g (R − 2Λ) , Eµν := Rµν − 2Λgµν = 0

Metric ansatz:

ds2 = −Vdv2 + 2ηdvdr +R2 (dϕ+ Udv)2

Equations of motion result:

R =Ω+ λ η r

U =U +
1

λR
∂ϕη

η
+

Υ

2λR2

V =
1

λ2

(
−ΛR2 −M+

Υ2

4R2
− 2R

η
Dv (ηλ) +

Υ

R
∂ϕη

η

)
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Solution phase space

Two constraint equations:

EM̂ := DvM̂+ Λλ∂ϕ

(
Υ̂

λ2

)
+ 2∂3

ϕU = 0

EΥ̂ := Dv Υ̂− λ∂ϕ

(
M̂
λ2

)
+ 2∂3

ϕ(λ
−1) = 0

Comoving derivative:

DvOw :=∂vOw − LUOw

LUOw :=U∂ϕOw + wOw∂ϕU

Boundary data: {η(v , ϕ),Ω(v , ϕ), Υ̂(v , ϕ),M̂(v , ϕ)}
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Causal boundary symmetry

Causal boundary symmetry:

ξ = T∂v+

[
Z − r

2
W −

Υ∂ϕT

2ηλ2R
− 1

η2λ
∂ϕ

(
η∂ϕT

λ

)]
∂r+

(
Y +

∂ϕT

λR

)
∂ϕ

T (v , ϕ): supertranslation in v-direction

Z (v , ϕ): supertranslation in r-direction

W (v , ϕ): superscaling in r-direction

Y (v , ϕ): superrotation in ϕ-direction
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Transformations law

Transformations law:

{η,Ω, Υ̂,M̂} ξ−−→ {η + δξη,Ω+ δξΩ, Υ̂ + δξΥ̂,M̂+ δξM̂}

Explicit forms:

δξη =Dv (Tη) + Ŷ ∂ϕη − 1

2
ηW

δξΩ =T DvΩ+ ∂ϕ(ΩŶ ) + ηλZ

δξΥ̂ ≈T̂∂ϕM̂+ 2M̂∂ϕT̂ + Ŷ ∂ϕΥ̂ + 2Υ̂∂ϕŶ − 2∂3
ϕT̂

δξM̂ ≈Ŷ ∂ϕM̂+ 2M̂∂ϕŶ − Λ(T̂∂ϕΥ̂ + 2Υ̂∂ϕT̂ )− 2∂3
ϕŶ

where Ŷ = Y + UT and T̂ = T/λ.

7 / 12



Causal boundary symmetry algebra

Causal boundary symmetry algebra:

[ξ(T1,Z1,W1,Y1), ξ(T2,Z2,W2,Y2)]adj. bracket
= ξ(T12,Z12,W12,Y12)

with

T12 = (T1∂v + Y1∂ϕ)T2 − (1 ↔ 2)

Z12 = (T1∂v + Y1∂ϕ)Z2 +
1

2
W1Z2 − (1 ↔ 2)

W12 = (T1∂v + Y1∂ϕ)W2 − (1 ↔ 2)

Y12 = (T1∂v + Y1∂ϕ)Y2 − (1 ↔ 2)

Causal boundary symmetry algebra: Diff(C) A Weyl(C) A Tr (C)
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Surface charge analysis

Surface charge:

/δQξ =
1

16πG

∮
Cr,v

dϕ
[
W δΩ+ 2Zδ(Ω eΠ/2) + Y δΥ+ T/δH

]
.

/δH := −DvΠ δΩ+UδΥ+DvΩδΠ+λ−1δM̂, Π := ln

(
ηλ

Ω

)2

here we have added the following Y -term

Y µν [g ; δg ] =
δ
√
−g

16πG
ϵµν .

Our symplectic quantities are radial independent.
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Heisenberg slicing

Change of slicing:

Ẑ = δξΩ , Ŵ = −δξΠ , Ŷ = Y + UT , T̂ =
T

λ
.

Charge in Heisenberg slicing:

δQξ =
1

16πG

∮
Cr,v

dϕ
(
Ŵ δΩ+ ẐδΠ+ Ŷ δΥ̂ + T̂ δM̂

)
.

If we assume δẐ = δŶ = δŴ = δT̂ = 0 ,

Qξ =
1

16πG

∮
Cr,v

dϕ
(
ŴΩ+ ẐΠ+ Ŷ Υ̂ + T̂M̂

)
.
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Surface charge algebra

Charge algebra in Heisenberg slicing:

{Ω(v , ϕ),Π(v , ϕ′)} = 16πG δ
(
ϕ− ϕ′)

{Υ̂(v , ϕ), Υ̂(v , ϕ′)} = 16πG
(
Υ̂(v , ϕ′)∂ϕ − Υ̂(v , ϕ)∂ϕ′

)
δ
(
ϕ− ϕ′)

{M̂(v , ϕ),M̂(v , ϕ′)} = −16πGΛ
(
Υ̂(v , ϕ′)∂ϕ − Υ̂(v , ϕ)∂ϕ′

)
δ
(
ϕ− ϕ′)

{Υ̂(v , ϕ),M̂(v , ϕ′)} = 16πG
(
M̂(v , ϕ′)∂ϕ − M̂(v , ϕ)∂ϕ′ − 2∂3

ϕ

)
δ
(
ϕ− ϕ′)
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Discussion and concluding remarks

• Quantization.

• Generalization to higher dimensions.

• Well-defined action principle and boundary theory.

• Local thermodynamic descriptions. [See Dr. Sheikh-Jabbari’s talk]

Thank you for your attention!
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